
Math 565: Functional Analysis
Lecture 06

Examples (continued).
1) Let IX, 1) and 14

,
0) be refinite measure spaces and let K : XXY -> & be Mxo-measurable·

Suppose 73 ,
2 > O such What 11KI

, gilliquid) ,
for a.e

. yeY and 114(
,/L*

for a . 2 .
xEX

.
Then for ech liped , Th : (P(0) +> 1P() define by
Trf(x) = = Jk(x

, y)f(y)dw(j)
is beld livear transformation with IITrelle Citi

,
where g

is the
conj. exp .

of p .
This was shown in HW.

Important special case : convolutions . It ge L'llR9, X) and st K(x,
y) : = y(x -

y).

Then 114( bill .
= SIglx-yl/dd(x) = (lg(x)(dx(x) = 1/g/l ,

< &
, by the translation

invariance of 1. Similarly
,

transl
,

inv
↓
invariance under mult by -1

1(k(x , .)( ,
= (1g(x -3)dx(y) = )(g) - y)(dx(y) = J(g()(dx(y) = 1/g/1 , 24

.

So L = In = lyll, ,
heace we have that the transformation

,
fo each 1p = 8

,

To :"(IRd ,
x) + L(d

,
X) given by

Tn +(x) = = (g(x- y)f(y)dx(y)
in bod lineur and IITallI Cit < = /Ig ,+ = llgil ..
This transformation is called the convolution by g.
We denote by fag(x) : = /g(x-y)/(y)dx/g) and call this the

convolution of and . Note that fey-yet , by the translation

and mult
. by + invariance of X

(2) Let D : (20
, 13 -> C90 , 1 be given by fief' . If DCO ,

D is equipped with the

norm 11 All : = max (IIElla
,

1Ella)
,
Men 118flln = 11 f'llu : 1/fll ,

hence 11811E1
,
in fact

1)D1 = 1 bene of f(x) = X
. But if we took just the uniform norm on C'10

,1

(in particular, it wouldn't be a Banach space), then D is unbod
.
Indeed,



let fulx) := sin(inx)
,
Men Df(x) = Zincoslux) so IWfll = 2ith- >&

While 11 full = 1 for all .
n ->

(d) Nonexample .

Let X be any
8-dim wormed rector space le .

g .

1" (IN)
,
<P14

,
0).

spanlen : nEI) with entf(N) standard
,
s

.
e

.

en := Ains) .

By Zorn's lemma
, taking a maximal independent set , there is a linebasin B

for X
,
called Hamel basis

.
Since Bis infinite

,
- (bub = B of pairwise distinct

rectors
.
To define a linear transf

.

it is enough to define it on B al

extended uniquely. Defice T : X-X by setting Thn : = non and

T1) = 0 or anything else for be BYbu] · Then T is linear but unbed

becase 11T bull = all bull .

(e) An example of bod bijective lin. trans. With unbed inverse. Let X : = space (en : neIN),
h

where en := 1 sus = 10
,
0, ....

0
,
1

,
0

,
0
....
). For any taped X is a know-

losed) subspace of 1PIN) exactly of rectors which have only bridels way
nonzero coordinates

.
(In fact

,
X is dence in ep for Kepcd !

Define a lineur T : X + X unimely by Tlen) : = ten .

Then

↓ any
reX

,
v = Zanen so IITVIp < //vIp so T is bdd. However

,

n = N
↑"

en = new hence T" is unbed size IIT"Callp = n - lenlp.
Tr = TlIGnen) : EduTen = Inde

[N n[N

Bounded linear functionals.

When a linear transforuction is Revalued
,

it is call a linear functional . Using Zorn's
lemma

,
us in Example (d) above

, we can get pathological linsu functionals, so we only
focus on Gold linear functionals. For a mormed restor space X ,

denote by
X*.= B(X

,
()



the
space of all bold linear functionals on X and call this the dual of X.

Examples .

(a) let 1 && and let
of
be the cong . exp .

of p. Fix any measure space (X,M).
Fix ge (1 = L(X

, M) .
Define Ig : (P -> D by

fH(fgdM .

Then by Holder , EEgf) = /SEydul = /Ifg1 , I IlfpIIgIq ,
so llIgllgIg .

By taking f:=Igt syng ,
we see that las before)

, Igf = Stgdu =

Ilglly = illgd = lg = lg , so lg

These If one hold linear functionals and te
map [It (24/

*

by g1> Ig
is a lineur isometry

. We
will dow that for kpa ,

this is actually
surjective ,

"
e

e
. an isometric isomorphism.

16) Fix a measurable space (X
,
B)

.

Fix a ffinitel complex measure pon (X,
1).

Recall What putting M= Repl + /Impl ,
we have pan so FBEB ,

p(13) = Jan
and 1P1(B) = (Itlm = <pledp , sollelliv=plel It)

X

let BIX
,
B) demote the space

of bod B-measurable functions with uniform

norm
.

Then BIX
,
3) is a closed subspace of BIX) of all bod functions

with the uniform norm (size B-meas .
functions are closed under limits)

,
mence

B (x
,
23) is a Banach space . Define Ip : BIX

,
(3) -> K

.
This is a linens

functional and by 1) ,
we have ↑ ↳ Sfdp

1) Foll = <p 1/4 dpl=41] edp = lelliv and this sup is achieved.
II41lu

Thus
,
the space MIX

,
B) of all complex measures on (X

,
1) icometrically



embeds into BIX
,
1)%

Now let X be a Polish space Le
. g .

20
, 1 ,

IR
, CO

,
1

,
I

,
IN

,
IRN) and

B : = B(X) := the Bonel sets
.
In particular all finite measures on X are regular

Li
. e

, approximable from above by open and from below by closed sets) and fight
li

. e, approximable from below by compact sets) . Restricting Ip to

BC(X) := the space of bod continuous functions
,

we still have that

Ep is liner and I/Ip1 = 191 + v .

We show Mad actually 1) Ipl = 119lliv by
approximating every 23-measurable 14121 with bod a bod cont

.
fact.

in LIX , 191) .
Indeed

, using regularity ,

one can dow that BC(X) is
Reuse in LIX

,
IP1) in the I-morm (HW)

,
so letting 14111 be a B-measura-

ble function with IEpY1 = //Olliv and 330
,
take YEBC() with

1)-Ellicon 3 ,
so /IpelglIp) = Mpliv .

Thus
, again ,

MIX
,
B) iconetrically embeds into BC(*

Caution . Unfortunately ,
even BCIXI

*
is much larger than MIX

,
B)

,
it also contains

all finitey additive measures on B
, including all ultrafilters on B.

To get that MIX
,
B) is all of the deal

,
we need to take a smaller

closed subspace of BC(X)
,

namely,
Co(x) : = [FEB(X) : f vanishes at 13

,

where we say that fix -> & vanishes at & if 320 Gif = 33 is unpact.

We need to further assume that X is locally compact. Then indeed
,
M(X

,
B = Co(X)

*

and this is known as the Reisz representation theorem.


